ABSTRACT
Introduction
The measurement of the shadow economy (also known as the grey or underground economy -i.e. income hidden from authorities) is of major interest to both economists and public policy makers. Measures such as Gross Domestic Product (GDP) obviously do not reflect the true productivity of the economy if they omit unofficial production. The standard methods of estimating deadweight loss (Harberger, 1964) understate inefficiencies if they do not reflect the diversion of economic activity into a possibly less efficient hidden sector.
1 Countries that try to offset the income lost in evasion by increasing tax rates can find themselves in a "vicious cycle" (Lyssiotou, Pashardes and Stengos, 2004, p.622) where rising tax rates create incentives for even greater evasion. Allingham and Sandmo (1972) provided a basic framework for thinking about this problem rigorously. Estimation of the size of the shadow economy, however, is a challenge for numerous reasons, not the least of which is that by definition individuals are attempting to hide such of activities. Schneider and Enste (2002) divide methods of estimation into two main groups: direct and indirect. The first group is composed of surveys and inquiries on tax evasion. It is hard to imagine, however, that individuals who do not report all or part of their income on tax returns would reveal their full income in a survey, even if the survey promises anonymity. If nothing else, memories or records of income reported to the authorities provide an easy reference point when answering survey questions. In another direct method, tax authorities in many countries also attempt to estimate tax evasion from audited tax returns.
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In the second group (indirect methods) Schneider and Enste recognize three subgroups:
1. National accounting approaches focusing on the discrepancy between national accounting sources and uses (macroeconomic approach) or the discrepancy between incomes and expenditures of households (microeconomic approach);
2. Monetary approaches focusing on cash velocity, and transaction and cash demand;
3. Physical input methods focusing on electricity consumption.
Frequently several indirect indicators of the size of the shadow economy are combined in a single estimating equation, the so called Multiple IndicatorsMultiple Causes (MIMIC) technique. Field and laboratory experiments (see Slemrod, Blumenthal and Christian 2001) should also be added to this set of categories.
Macroeconomic methods of estimation of the size of the shadow economy have a long tradition dating from Cagan (1958) , but have often been criticized for lacking an underlying theory and for flawed econometric techniques (see Hanousek and Palda 2006 or Thomas 1999) . Changes in electricity demand inherently confound changes in the size of the shadow economy with changes in the composition of output or production efficiency. We, therefore, focus on the discrepancy between the income and expenditure of households.
A key difficulty with prior work using households' reported income and expenditure is that the researcher has assumed a priori that a certain sub-sample of the population does not evade (typically wage and salaried workers), and estimated underreporting for the rest of the sample (self-employed, farmers, etc.). This simplifying assumption is, however, weak both theoretically (see Kolm and Nielsen 2008 for a model with concealment of income by firms and salary workers) and also empirically. For example, the Eurobarometer survey (European Commission 2007) shows that 5 percent of respondents in the EU admitted they carried out undeclared work in the preceding 12 months. National values of this percentage range vary substationally, with the highest share in Denmark (18 percent) and lowest share in Cyprus (1 percent). The Czech and Slovak Republics are at 7 and 6 percent, respectively. In a separate question, 5 percent of respondents in the EU answered they had received at least part of their salary as 'envelope' or 'cash-in-hand' wages (lower bound estimates) in the preceding 12 months. As with the above question, national values differed (being higher in transition countries), with the lowest numbers for UK (1 percent) and the highest for Romania (23 percent). Czech and Slovak employees are somewhere in the middle of the group at 3 and 7 percent, respectively.
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Using self-employment as identification for potential income underreporting, Pissarides and Weber (1989) estimate food Engel curves for the employed from the UK 1982 family expenditure survey and then invert these to predict income for the self-employed. The difference between the predicted income and the reported income of the self-employed is interpreted as the size of the "black economy. " Lyssiotou, Pashardes and Stengos (2004) criticized this approach, claiming that the use of food expenditures only can cause preference heterogeneity to be interpreted as tax evasion and suggested estimating a complete demand system to account for the heterogeneity in preferences using the generalized method of moments (GMM). Their approach is, however, still limited by the a priori assumption that wage income is reported correctly.
Moreover, the assumption of correctly reported consumption may fail when using a complete demand system. While the argument that certain items are more prone to be purchased from transitory income (assumed to be more closely linked to self-employed income) does not pose problems, 4 the fact that some household consumption items are tax-deductible for the self-employed does. Not only can these items lower net self-employment income, their reporting may not be consistent. Some households may report such a business expense as household spending in the survey, while others may not. This includes a variety of non-durables and even durables. Food expenditure, on the other hand, is very rarely tax-deductible and it is not easy to substitute tax-deductible items for food. Based on this argument, we will not consider a complete demand system and concentrate on food expenditures, which are more stable.
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Additional works that identify underreporting based on self-employment status include Hurst, Li and Pugsley (2010) and Tedds (2010) . The latter used a non-parametric estimation of Engel curves to avoid the assumption that the ratio of evaded income to total income is constant, although she again relies on the assumption that employed individuals do not evade. Studies that estimate the evasion response to tax changes can provide added insight. Gorodnichenko, Martinez-Vazquez and Sabirianova Peter (2009) used the 2001 flat tax reform in Russia as a natural experiment that produced a "control group" consisting of the part of the population for whom the marginal tax rate did not change whose income underreporting could be compared with a "treatment group" of individuals for whom the marginal tax fell.
It is possible to avoid the problem of arbitrary a priori assignment of individuals to evading and non-evading groups econometrically by using endogenous switching regression with unknown sample separation. Such a technique has not here-to-fore been applied to the shadow economy, 6 although they have been used elsewhere. In an early study Dickens and Lang (1985) used such a model to test dual labor market theory. Two more recent papers applied this methodology to family economics. Arunachalam and Logan (2006) incorporated two competing incentives to offer a dowry into one switching regression model, while Kopczuk and Lupton (2007) studied whether having a positive net worth at the time of death implies a bequest motive.
Other examples of the application of switching regressions with an unknown (or partially known) sample separation rule include the estimation of cartel stability by Lee and Porter (1984) , and stochastic frontier models by Douglas, Conway and Ferrier (1995), or Caudill (2003) . These works showed the feasibility of maximum likelihood and other estimation techniques in this situation.
income to buy luxuries. " Furthermore, self-employment income may be more associated with expenditure on certain goods like cars, computers and telephone bills for which it can attract higher deductions for business expenses.
5 Food Engel curves show relatively stable behavior across different specifications of a full demand system. Beneito (2003) shows that only food and housing exhibit significant and negative price elasticity. Besides, the food Engel curve depicts the highest R 2 from all items. A similar study by Rajapakse (2011) again confirms stable behavior of food-based Engel curves. Moreover, in this study using complete system of EC some other items including housing and clothing expenditures are relative luxuries in the system (demand is more expenditure elastic). These studies, in our opinion, support use of food-based Engel curves for our purposes.
6 DeCicca, Kenkel and Liu (2010) use an endogenous switching regression to estimate the effect of state differences in cigarette excise taxes on the probability of cross-border cigarette purchases in the US. Their model, however, relies on an observable rather than unobservable separation rule since they know which purchases were made across a border.
The methodology of endogenous switching regression with unobserved separation will thus allow relaxing overly restrictive assumptions including an ad hoc specification of under-reporting groups or requiring that evaders underreport income by a constant fraction of their income.
Methodology 2.1 Consumption-income gap
Our analysis relies on the consumption-income gap as described by Gorodnichenko, Martinez-Vazquez and Sabirianova Peter (2009) based on three assumptions coming from the permanent income hypothesis (Friedman 1957) :
where i denotes households. Eq.(1) defines reported income as a fraction Γ of true income, where Γ is a function of household characteristics affecting underreporting (S i ) including age (older people are more risk averse and, therefore, less prone to tax evasion), education, whether the individual is self-employed, works in a large or small firm (small firms are more prone to save labor costs by paying a low "official" wage and paying part of the wage "under the table"), whether the employer of the individual is the public sector or a private firm (government is less likely to pay its employees "under the table"). Eq. (2) is based on the permanent income hypothesis where the current true income is a fraction H i of the permanent lifelong income. H i depends on the current stage of the life cycle of the head of household and his or her spouse including their ages, education and work experience (vector L 1,i ). Eq.(3) tells us that consumption constitutes a fraction Θ i of the household's permanent income. The characteristics L 2,i affecting a household's consumption patterns (tastes) include the age of the head of household and spouse, number and ages of children, number of other household members, marital status, and education among others. It is clear that in general none of these fractions is constant. Taking logarithms of (1), (2) and (3) and substituting yields a definition of the consumption-income gap:
where log C i −log Y R i is the consumption-income gap of the household. Note that in our context, where consumption is of food only, C i will usually be less than Y i , so that log C i − log Y i is less than one. All other household characteristics held equal, a lower consumption-income gap of household A compared to household B would imply a higher degree of underreporting on the part of household A.
From consumption-income gap to shadow economy
The above analysis of the consumption-income gap can be extended in several ways. The first assumption that can be made without much loss of generality is that there are two groups of individuals in every economy: those who evade and those who do not. For the latter, γ in Eq. (4) is equal to 0 by definition. These two groups of agents differ, all other characteristics held constant, by the size of the gap. Since consumption is based on true income, evading households consume a greater share of their reported income. Under the assumption that, unlike income, consumption is measured correctly for both groups (for empirical support of this assumption see Hurst, Li and Pugsley 2010), we can write:
where Y R,e i and Y
R,ne i
are the reported income if the household i evades and does not evade, respectively. It is reasonable to assume that people evade if their expected gain from evasion exceeds a certain threshold f :
where f i represents costs of evasion including expected fines and costs associated with hiding income (including psychic costs) of household i. If we assume that the cost of evasion is equal to a constant average cost k plus an error term ε f,i (the deviation of household i from this average) we can write the probability of household i being in the evading regime as:
This system can be expressed as the following econometric model:
where X i and Z i are the vectors of explanatory variables that affect consumption and income patterns, and tax evasion propensities, respectively. The latent variable y * i can be interpreted as the propensity to evade. It cannot be observed, but if y * i > 0, household i's gap is determined by (9), otherwise it is determined by (10). We can express the likelihood contribution of household i as:
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Under the assumption that (ε e , ε ne , ε s ) ∼ N (0, Σ), where:
the log-likelihood function (13) becomes:
where φ (·) and Φ (·) are the standard normal density and cumulative distribution function respectively, and:
Technical details of the maximization of (14) are given in the Appendix. Although identification based solely on functional assumptions is possible, valid exclusion restrictions such that Z i = X i are desirable, ensuring that all the parameters (except σ s , which is normalized to one) are identifiable. Applied to the case at hand, the switching equation will contain variables that influence activity in the hidden economy rather than consumption-income gap, such public sector or self employment.
Measure of the shadow economy
Under the initial assumption of correct consumption reporting, the expected value of the difference in the gaps for both regimes of household i is equal to:
which is household i's estimated degree of income underreporting as a fraction of its reported income. The overall size of the shadow economy is therefore defined as the expected value of this difference in gaps, i.e. the sum of the differences between the income-consumption gaps for the respective regimes weighted by probability of each household being in the shadow sector:
7
The probability of being in the shadow sectorP e,i can be computed by Bayes' theorem as:
where:
Eq.18 will thus give us the size of the shadow economy as a fraction of economy's total reported income. The likelihood ratio test is a natural choice for a test of the assumption that we can divide households into two groups based on their consumptionincome gaps. Given that a model consisting of a single gap function is nested in the endogenous switching model, such a test can be used to compare the two models, with the null hypothesis being that both models explain data equally well.
7 Following Dickens and Lang (1985) the degrees of freedom are equal to number of constraints plus the number of unidentified parameters (found only in the switching equation). As argued by Goldfeld and Quandt (1976) this leads to a conservative critical value.
To increase robustness to initial values and outliers, Monte Carlo simulations were used to compute both means and standard errors of the estimators. For each country 500 random samples with replacement were drawn from the data, with estimation of Eq. (14), and computation of the shadow economy from Eqs. (18) and (19) done for each sample.
8 This results in a data series from which means of these estimates can be computed. Standard errors are then the standard errors of these means.
Data

Czech Republic
The data come from the Czech household budget survey for 2008. They contain information about income from various sources and expenditures on different categories of goods and services for 3,271 Czech households. From this dataset a sub-sample of households with working heads was chosen. The summary statistics (weighted means) of this sub-sample are given in Table 1 . The definition of income used for the computation of the gap is the monthly average of the total gross income of the household from all sources minus all taxes and obligatory payments (such as obligatory health insurance, which is technically a tax in the Czech Republic). To account for possible consumption smoothing and precautionary saving (which may be greater for certain types of households) net dissavings were included in income. When defining consumption, we used only expenditures on food. Given that a great many items in the nondurable category are tax deductible for the self-employed in both the Czech and Slovak Republics, and can easily be used not only for business purposes but also for private consumption, using food consumption is more robust. As discussed above, Z i contains dummies for public sector or self-employment status of the head of household or spouse, blue collar head or spouse, age, square of age (previous research shows that risk aversion increases with age up to certain point, but then it decreases again) and education of head. Explicit marital status cannot be determined from the Czech data, which only reports whether the household head has a life partner, not the exact legal status of the relationship. We also control for potential shocks to social norms (reporting propensities) produced by the fall of communism in the former Czechoslovakia by including whether individuals were raised before or after 1989, i.e. those who are older than 42 in 2008 (see e.g. Večerník, 1996) .
As discussed above, X i contains variables such as number of household members of different categories, education, relationship status, and age and age squared. The last two variables are an indicator for work experience. Given that manual jobs usually have higher calorie requirements, dummies for having a blue collar head or blue collar spouse are also included in the outcome equations. The Czech HBS uses stratified sampling, so each household's log-likelihood contribution (Eq. (14)) was multiplied by the probability of the household being in the random sample. Similarly, observations in the estimations of the shadow economy (Eq.(18)) are weighted both by the estimated probability of the given household being in the shadow sector and its sampling weights.
Slovak Republic
Similar to the Czech case, the HBS for 2008 collected by the Slovak Statistical Office was used. Overall, the sample contains 4,718 households. Estimation was done on a subsample of 2,991 households whose head was working (either employed or self-employed) during 2008. Summary statistics for Slovak households included in the subsample can be seen in Table 2 . The Slovak Statistical office chooses sample households through simple random sampling without sample weights. Therefore, as opposed to the Czech case, log-likelihood contributions are automatically weighted by the probability of the household appearing in the sample. However, definitions of variables are almost an exact copy of those of their Czech counterparts, except for marital status, which is explicitly observed in the Slovak data. 
Main results
The results of maximum likelihood estimation of the structural endogeneous switching model for Czech and Slovak Republics are shown in Tables B1 and  C1 , respectively. These estimates, together with the confidence intervals, were obtained from the Monte Carlo method described above. Note that the likelihood ratio test rejects the null hypothesis, implying that this model is significantly better in explaining the data than an OLS model describing behavior of all households with a single consumption-income gap equation. Plugging the estimated coefficients in these tables into Eq. (18) yields the estimates of the shadow economy in Table 3 . The main result is that the shadow economy in the Czech Republic constituted approximately 20 percent of reported income in 2008, while in Slovakia this fraction was approximately 28.6 percent. Therefore, if we want to arrive at true income in these economies, we have to multiply the officially reported income by 1.2 and 1.286 respectively. These estimates for the Czech Republic are slightly higher than those reported by Schneider, Buehn and Montenegro (2010) for 2007 (17.0 percent) and substantially higher than those derived using self-employment status as an ex ante mechanism for defining evaders as in Pissarides and Weber (1989) where the share of unreported income was estimated by Lichard (2012) to be 4 percent of GDP. For Slovakia, our estimates of the share of the shadow economy in GDP are substantially higher than reported by Schneider et al. (16.8 percent for 2007) or Lichard (6.8 percent) . From these results it is obvious that in post-communist countries at least, underreporting of income extends to wage and salary workers as well as the self-employed. 
Discussion of marginal effects
Marginal effects for the Czech Republic and Slovakia are shown in Tables B2 and  C2 respectively.The effects of changes in variables on the probability of being in the shadow sector can be seen in the sixth column of the respective tables. 9 The Czech results suggest that households with a white collar head have a higher propensity of evading, while households headed by both blue and white collar self-employed workers are more likely to be in the shadow sector, as intuition predicts (by 15.7 and 9.6 percentage points, respectively). By way of contrast, the estimates suggest that there is no systematic difference between blue collar and white collar employees in Slovakia, although households headed by white collar self-employed workers are 8.7 percentage points more likely to be in the shadow sector than those headed by white collar employees. If the head of a household working in the public sector, the probability of its under-reporting income decreases in both countries, although in the Slovak case by only 3 percentage points compared to almost 19 percentage points in the Czech Republic. Having children decreases the probability of being in the shadow sector for Czech households slightly (by 2.5 percentage points), and more substantially for Slovak households (around 14 percentage points). Education effects also differ between countries. In the Czech Republic the probability of being in the evading sector decreases slightly with education, while Slovak households are more likely to underreport when their head is more educated. Age decreases the propensity to evade in both countries. While age itself has a negative coefficient, the square of age has a positive one. This convex relationship is, however, very weak -due to the small coefficient on square of age, the convex effect is negligible for the range of applicable ages. For both countries every spousal employment characteristic (being self-employed, blue collar, or white collar) decreases the probability of the household being in the shadow economy relative to the spouse not working (or is insignificant). One plausible explanation is that, given that in both the Czech Republic and Slovakia heads are predominantly male (implying that spouses are female), the higher risk aversion of females 10 means that women are less prone to underreport income when they work. This is corroborated by the marginal effect of the head of the household being married, which decreases the probability of a household being in the shadow sector in both countries. Concerning the possible effect of the shock to social norms brought about by the fall of the communism, heads raised during communism seem to be more likely to withhold income in both countries, although the effect decreases with education.
Conclusion
The size of the shadow economy was estimated based on microeconomic data without assumptions that hampered previous estimators thereby possibly underestimating of the size of the shadow economy by excluding under-reporting among the group assumed to fully report. The application of the methodology to Czech and Slovak data and its comparison to the standard exclusion restriction adopted by Pissarides and Weber (1989) and others corroborates this hypothesis. We find that, in these economies at least, employees being paid under the table or having a secondary, undeclared, source of income constitutes a major source of unreported income.
A Technical Appendix
The estimation was done in TSP 5.1 (64-bit) via the command 'ml'. This command maximizes the log-likelihood function numerically 11 and, therefore, choosing appropriate initial values is essential for convergence. The initial values were set by a procedure described in Dutoit (2007) . We initially separate the sample through a dummy I i = 1 if the household i's gap is above a certain threshold (initial evading group) or I i = 0 if it is below that threshold (initial non-evading group). To obtain initial values of Γ, a probit regression of I i on Z i is run. After that we use these values Γ to estimate initial values of the β's by running the following OLS regressions:
and
Then we get initial values of σ e and σ e,s by running the following OLS estimation:û 
These initial values of Γ, β's and σ's are then used as starting values for the numerical optimization procedure. To make the results robust, for each random sample within the Monte Carlo simulation the initial sample separation is in turn set to the first, second and third quartiles, and the mean of the consumption-income gap. After applying the above procedure to each of these initial splits, we choose the results of the one that yields the highest log-likelihood as final results for the given Monte Carlo sample. This results in the data series from which the statistics (such as shadow economy size and standard errors) are computed. Bootstrapped standard errors in parentheses (*** p<0.01, ** p<0.05, * p<0.1). The basic category is a household with unmarried white collar head employed in a private company. The average marginal effects were computed as the average of marginal effects predicted for every observation in the subsample. Bootstrapped standard errors in parentheses (*** p<0.01, ** p<0.05, * p<0.1). The basic category is a household with unmarried white collar head employed in a private company. The average marginal effects were computed as the average of marginal effects predicted for every observation in the subsample.
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